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Abstract

Large eddy simulations of compressible mixing layers have been conducted to investigate scalar mixing at
two convective Mach numbers at 0.25 and 0.62. Two
sub-grid scalar transport models, one based on a conventional gradient di usion and the other based on the
Linear-Eddy Mixing (LEM) model are used to predict
scalar mixing in supersonic ows. It is found that the
mixing layer growth is reduced signi cantly with increase in compressibility, which is consistent with past
observations. Numerical predictions obtained using
LES-LEM compares very well with the experimental
measurements of scalar properties, whereas, the gradient di usion closure shows signi cant di erences from
the measured values. Flow visualizations of density,
temperature and mass fraction contours reveal the delay in the formation of the large structures and the
growth of the mixing layer as the convective Mach
number is increased. Statistics such as mean and the
RMS of the velocity and the scalar eld exhibit self
similarity in the far eld. PDF's of the species mass
fraction in the supersonic stream become narrow as
the compressibility increases, indicating the reduction
in mixing.

1 Introduction

As a result of the increasing importance of supersonic combustion, and numerous other technological
applications that require mixing in highly compressible ows, there has been a renewed interest in the
study of compressible shear layers. Shear layers consist of two parallel streams of same or di erent species,
owing at same or di erent speeds on either side of
a splitter plate. Fluids from the high and the low
speed streams entrain each other, thus stretching the
inter-material surface. Formation of ne-scale turbulent structures within the shear layer and especially
along the interface further re-distribute the un-mixed
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uid and increases the local velocity and scalar gradients. Finally the two streams initially with di erent
momentum, mix at the molecular level by di usion.
Compressible, single species mixing layers have
been experimentally studied extensively in the past.1{5
These studies have shown that the compressible mixing layers exhibit organized quasi-two dimensional
structures similar to their incompressible counter-part,
but only when the compressibility e ect is low. As
the compressibility (or equivalently, the convective
Mach Number, Mc) increases, the mixing layer becomes more three-dimensional with drastic reduction
in the size and coherence of the quasi-2D organized
structures. Past studies have also shown that compressibility increases the stability of the mixing layers
and reduces the growth rate, the turbulence intensities
and the Reynolds' stresses. Initially, this reduced mixing was attributed to the di erence in density between
the high and the low speed stream. But later studies6
showed that even though density has some e ect, it
is not entirely responsible for the diminished mixing
observed in compressible shear layers.
Even though all the experimental data exhibits similar trend regarding the mixing layer growth and the
reduction in the turbulence quantities, a considerable scatter exists in the data for a variety of reasons. This includes di erent experimental facilities
and techniques, di erent de nitions of the mixing layer
thickness, di erent initial conditions, di erences in the
acoustic level in the experimental facilities, etc. This
makes it diÆcult to isolate the e ect of compressibility
on mixing. In the case of supersonic shear layers, the
total pressure has to be manipulated signi cantly to
minimize the formation of waves from the trailing edge
of the supersonic section, which is time consuming.
In addition, the range of compressibility that can be
tested in current experimental facility is limited. This
makes it diÆcult to re-evaluation conclusions from the
low Mc regime.
In addition to momentum mixing, scalar mixing is
of considerable interest but so far, relatively few scalar
measurements have been published for compressible
mixing layers. This is because, very good spatial reso-
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lution for scalar is very diÆcult to achieve.7 Even for
moderate Reynolds numbers, achieving adequate resolution to resolve the Batchelor scale is very diÆcult.7
Numerical studies are beginning to complement and
further the research on compressible mixing layers.
The current work is concerned with the behavior of
mixed subsonic-supersonic mixing layers made up of
two di erent species, and the primary objective is to
validate a sub-grid model for scalar mixing. The com-5
pressible scalar mixing experiments of Clemens et al
are simulated and discussed in this paper. Earlier, the
velocity measurements in a single specie spatial mixing
layer3 were used to validate momentum mixing using
the current LES solver.8
The rest of this paper is organized as follows. The
governing equations for LES, the sub-grid mixing
model and its numerical implementation are explained
in the next section. This is followed by the details of
the experimental facility and the experimental conditions simulated using the current LES approach. Finally the results obtained from the current study are
compared with the experiments, and the advantages
and the short-comings of the present sub-grid model
are discussed.

2 Governing Equations for LES

de ned as
the temperature-species correlation term,
Y~k T~]. For low heat-release, T sgs can be ex[Yg
kT
pected to be negligible9 but this may not be true for
high heat release. However, due to the diÆculty in
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To complete the closure for the sub-grid stresses, the
sub-gridsgseddy viscosity t and the sub-grid kinetic energy, k need to be modeled. A non-equilibrium
model11,12 using a transport equation for the sub-grid
kinetic energy, ksgs is used in this study and is given
by :
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The sub-grid total enthalpy ux Hisgs is modeled
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using the eddy viscosity model as follows: Hisgs =
gYk Vei;k Yek ]
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( t=P rt)(@ H~ k =@xi). Note that, since large-scale
The pressure is determined fromsgs the ltered sgs
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(even though a gradient closure is employed for
solved
sgs
Hi ).
As noted earlier, a conventional gradient di usion
closure for the scalar equations is employed as a reference sub-grid model to compare with the LEM approach. In this gradient disgs usion closure, the sub-grid
convective species ux Yi;k , given in equation Eqn. [2]
is modeled as follows: Yi;ksgs = ( t =Sct)(@ Y~k =@xi)
The coeÆcient Sct is the turbulent Schmidt Number,
and is taken to be unity.
It should be noted that earlier, theory and experiments16 have shown that this type of gradient di usion
closure for species transport can lead to signi cant errors, especially when used in the time-averaged RANS
context. Such models are also expected to fail when
counter-gradient di usion occurs. Past studies have
shown that counter-gradient di usion can occur in the
present of large-scale coherent structures. As noted
above, since the large-scale motion is resolved in a
LES, the limitation of a sub-grid eddy di usivity closure is not that apparent, unless counter-gradient effects occur at the grid scale. Therefore, using this
model as a baseline sub-grid closure for LES is acceptable as a rst approximation. sgs sgs
sgs
, are
The other unclosed terms, i , qi;k and i;k
often neglected in the conventional closure approach,
and there exists no model for these terms.17 These
terms are the sub-grid contribution of the molecular
di usive ux and are often neglected assuming that
their contributions are small in high Reynolds number
ows.9,10
It is noted here that most of these assumptions can
be relaxed and can be elegantly included in the model
for sub-grid scalar transport using the LEM closure
described in the next section.

3 Sub-grid Mixing Model

The primary goal of LES is to simulate high
Reynolds number ows without resolving the dissipative range of scales. This requires a model for the
momentum transport and the scalar transport at the
unresolved scales. Models for the sub-grid momentum transport are usually obtained by using the information at the resolved scales, i.e., the unresolved
stresses are expressed as a function of resolved eld.
This works quite successfully for the momentum transport, since the turbulent kinetic energy carried by the
dissipative scales are signi cantly lower than the resolved scales. Unfortunately this is not the case with
the sub-grid scalar transport. Molecular di usion and
chemical reaction happens at and below the dissipative range of scales (which are not resolved in LES).
Due to the presence of multiple di usive scalars, and
also due to the strong non-linear interaction between
the chemical reactions and the turbulence scales, the
relation between the sub-grid scalar transport and the
resolved-scalar transport is not as straight-forward as

the momentum transport. This implies that the subgrid models developed for the scalar transport must
truly represent this multi-scale inter-play of turbulence
and combustion to capture the correct physics of combustion.
The issue of simultaneous resolution of the large
scale processes (such as large scale convection) and the
small scale processes (such as molecular di usion, turbulent motions near the dissipative scales and chemical
reaction) is addressed elegantly using the Linear Eddy
Mixing (LEM) model of Kerstein .18{21 The basic
premise of using LEM in LES (hereafter, referred to
as LES-LEM) is that the scalar eld evolution can be
split into two parts: evolution governed by the largescale processes and by the small scale processes. Here,
the term large and small scales are de ned with respect
to the lter width de ned in the context of LES. As
a result, the large-scale processes are de ned as those
that occur (due to the presence of spatially resolved 3D
structures) at and above the lter size and the smallscale processes are the sub-grid turbulent stirring that
occur below the LES lter size.
The other physical processes such as the molecular di usion, the chemical reaction and the volumetric
heat release are small-scale processes occurring locally
within each LES cell. A reduced one-dimensional
reaction-di usion equation is solved inside each LES
cell with a resolution ne enough to resolve all turbulent scales from the grid size  to the Kolmogorov
scale . The rationale behind this approach and its
application in LES has been discussed extensively in
the past13,22,23 and therefore, not repeated here.
It is noted here, however, that since all the physical
processes associated with the species eld evolution
are accounted explicitly in this two-scale (large and
small scale) approach, the Eulerian form of the conservation equation of species is not needed. Therefore,
in LES-LEM, only mass, momentum and energy equations (in the Eulerian form) are numerically integrated
on a three-dimensional grid whereas, the scalar equations are solved using the two-scale approach.
For completeness, some of the salient features of the
LEM sub-grid model is described below.
et al

3.1 Sub-grid Reaction-Di usion

Molecular di usion and chemical reaction (although
not considered here, but included for completeness)
evolve on a 1-D line segment known as the \lineareddy" domain within each LES cell. The following
non-conservative form of the reaction-di usion equations for the species and the temperature are solved
on this 1-D line.


@Yk
@t

+ Fk stir +  @s@ (

Dk
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Here, T, p and  are the sub-grid temperature,
resolved pressure, and the sub-grid mass density, respectively. Yk , Wk , cp;k and Ru , are the mass fraction,
molecular weight, speci c heat at constant pressure,
and universal gas constant respectively. Density in
the equation of
the sub-grid eld is computed using P
state for the scalar mixture p = T Nk=1 Yk Ru=Wk
and the caloric relation is given by hk = hof;k +
RT
c (T 0 )dT 0 . Also, !_ k , hk , Vk and hof;k are reT o p;k
spectively the mass reaction rate, enthalpy, di usion
heat of formation (at standard
velocity and standard
temperature, T o) of the k-th species. cp,  and Dk are
the mixture averaged speci c heat at constant pressure and thermal conductivity and mixture averaged
di usivity of the k-th species respectively.
In Eqns. [5] and [6], s denotes the co-ordinate direction on the 1-D domain. The orientation of the
in the direction of the
1-D domain is usually aligned
maximum scalar gradient.19 The length of the 1-D
domain is taken to be equal to that of the local LES
lter width, . Turbulent convection at the sub-grid
scales of the form u@Yk =@s and u@T =@s are symbolically represented as Fk stir and FT stir , respectively in
Eqns. [5] and [6] and these are implemented explicitly,
as discussed in the next section.
The following assumptions have been made in arriving at the above formulation: (1) sub-grid pressure
(inside the 1-D LEM domain) is assumed to be uniform and same as the resolved grid pressure. This
assumption can be questionable in the presence of high
compressibility, and its accuracy remains to be evaluated, (2) the contribution from the sub-grid viscous
work is neglected, (3) calorically perfect gas model
is currently assumed, but it is straight-forward to extend LEM for thermally perfect gas, and (4) radiation
e ects are neglected in this study but can be easily included, as shown elsewhere.24
3.2 Sub-grid turbulent convection

The e ects of the sub-grid velocity eld on the
sub-grid scalar elds are modeled (numerically) using
stochastic re-arrangement events called
.19
Each triplet map represents an instantaneous action of
an isotropic turbulent eddy on the sub-grid scalar eld.
The scalar eld produced is continuous and measure
preserving (Note: scalar gradient eld is not continuous). In essence, triplet map increases the sub-grid
scalar gradient by a mechanism similar to the compressive strain rate in turbulent
ow, consistent with
the DNS notions of Ashurst.25
triplet maps

The three important parameters of the sub-grid turbulent stirring are the eddy size l, the eddy location
(within the sub-grid 1-D domain) and the stirring
frequency (mean event rate per unit length of the
mapping domain) . These parameters are suitably
constrained, so as to obey the turbulent-transportscaling governed by the Kolmogorov cascade picture
in a statistical sense. The eddy size in the range  to
 (Kolmogorov scale) is determined from an eddy size
distribution f (l), obtained using inertial range scaling
in three-dimensional turbulence:19
5
l 8=3
f (l ) =
(7)
3 ( 5=3  5=3 )
Here,  is determined from inertial range scaling law

 = N
(8)
3 =4
Re

where N is an empirical constant and Re is the
sub-grid Reynolds' number based on the sub-grid turbulence intensity, kinematic viscosity and the local
LES lter width, . The constant N reduces the
e ective range of scales between  and  but does
di usivity, as described in
not change the turbulent
an earlier study.26 The two constants: C and N ,
arising from the use of scaling laws can be determined
dynamically. However, the present study, uses a constant value reported in the earlier studies.26,27
The event location is randomly chosen from a uniform distribution and the event (mapping) rate (mean
frequency per unit length) is19
54 Re [(=)5=3 1]
=
(9)
5 C 3 [1 (=)4=3 ]
The time interval between events is then given
as tstir = 1= where  is the length of the 1D domain, which is also same as the local LES lter
width. These mappings are implemented as a Poisson process in time. Note, that  is not a function of
length scale, l (of stirring) which implies that the interval between the stirring events are the same for all the
length scales. Strictly speaking this is not true, but
the following considerations justify the proposition.
(1) Assumption of the local isotropy in the sub-grid,
implies that the range of the stirring length scales are
closely spaced in the wave-number space. This implies
that their time-scale (or the turn-over time) is nearly
same.
(2) The sub-grid Re and the lter width,  are varying spatially over the LES (resolved) grid. This implies
that the the range of the stirring length scales and
hence, the frequency of the stirring events also vary
spatially over the LES (resolved) grid, even though it
is same within the sub-grid.
Since, the inertial range properties are built into
the equations for the eddy-size 20PDF and the eddyfrequency parameter, , Kerstein showed that LEM
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is able to capture the correct exponential increase of
an iso-scalar (level-sets) lines in accordance with the
Batchelor's theory.
3.3 Volumetric Expansion

The nal sub-grid process in the LEM, which needs
to be described is the volumetric expansion due to
density change. This change can occur due to heat release or due to sub-grid compressibility. In the present
study, since there is no chemical reaction and heat release, and therefore, this e ect does not have to be
included. An assumption in the current study is that
the sub-grid pressure is constant. This assumption
may not be strictly true in highly compressible ow
where sub-grid compressibility can vary from LES cell
to cell. For example, presence of a shock wave can
result in this e ect. At present, this issue has not
yet been addressed and is not needed for the current
study since the experimental setup employed pressure
matched streams to ensure no shocks.
3.4 Numerical Implementation

An operator splitting method26,28 is used to integrate the sti reaction-di usion equations (Eqns. [5]
and [6]). This splitting combines an explicit treatment
of the LES resolved mass and momentum equations
at the global time step with several explicit fractional
steps for di usion, reaction and turbulent stirring at
the sub-grid scales. Thus, the idea behind operatorsplitting technique is the sequential application of individual operators at the respective time-scale of the
operator in such a way as to ensure accuracy and numerical stability of the computation.
In LES-LEM, each of these operators, namely molecular di usion, chemical reaction, thermal expansion
and turbulent convection are implemented numerically
as discrete events in time. The epoch or the instant at
which each of these processes need to be implemented
depends on the respective time-scale of each of these
processes. These time-scales are identi ed below.
Di usion time scale - tdif f : Time scale associated with the transport of species and temperature
from a region of higher concentration to a lower concentration due to random motion of the molecules.
This is the slowest physical process among the other
processes and is computed as tdif f =
sub-grid
s2 =max[Dk ] where, s is the LEM grid size and
Dk is the mass di usivity of the species \k".  is set
to 0.25 for numerical stability.
Stirring time scale - tstir : Time scale associated with the sub-grid turbulent convection, is estimated as tstir = 1= . This is the time-scale at
which the triplet maps are implemented. It is a strong
function of sub-grid Reynolds number Re, i.e., higher
Re implies a smaller stirring time scale.
To solve the Eqns. [5] and [6] numerically, all spatial
derivatives are discretized using a second-order accu-

rate central di erence schemes, and a zero-gradient
boundary conditions are imposed for the species and
the temperature equations at sub-grid domain boundaries.
LEM-domain (1-D line segment) is initialized in every LES cell with a xed number of cells. The number
of one-dimensional cells is estimated as follows. To
represent an eddy using a triplet map, a minimum of
6 points are needed.29 If the sub-grid Re3=4is known,
then using the expression  = N Re , an estimate of the smallest length scale can be obtained.
Then the maximum number of LEM cells needed to
completely resolve all the sub-grid scales can be computed using the expression, Nmax = min(ijk =ijk )
where ijk and ijk are the local LES lter width and
the Kolmogorov scale at the cell \ijk". The length of
the linear eddy domain is set equal to the LES lter
width .
3.5 Large-Scale Convection: Splicing

The large-scale convection process is implemented
using a Lagrangian approach called splicing. After completing the sub-grid LEM simulations in each
LES cell, the sub-grid scalar elds are convected by
the LES-resolved velocity eld, in a Lagrangian sense.
This method involves the transfer of LEM cells between the LES control volumes to account for the
mass ux across the LES cell faces. Three quantities
are needed for this procedure: (1) magnitude or the
amount of mass that has to be transported across each
of the LES cell faces, (2) direction of the mass ux (inux or out ux) on each cell face, (3) ordering/priority
of the convection operation for the 3-co-ordinate directions
In a nite-volume scheme, mass ux is known on
each of the LES cell faces. In addition, the direction
of the velocity eld de nes the direction of the mass
ux on the cell-faces. Hence, the rst two of the above
mentioned three quantities are taken care of by the
resolved grid continuity equation and the momentum
equations. The third issue is resolved using the following approach.
In the numerical implementation of the scalar convection, the three dimensional convection operator is
approximated by a sequence of three, one-dimensional
convection operators. On a general three-dimensional
grid the mass transfer from any control volume to
any neighboring control volume is also predominantly
three-dimensional. As a result, di erent number of
one-dimensional cells are transported in di erent spatial directions. So the order in which these operators
act on the scalar eld can have a signi cant e ect on
the scalar eld evolution. Here, the cells going out
in the direction of largest out ux are uxed out rst
from the right end of the sub-grid domain. Similarly
the largest in ux is added rst to the left end of onedimensional domain.
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Next step in the large-scale convection process is
the identi cation and actual transport of the lineareddy cells. This is implemented as follows. Since the
mass ux on each of the six control surfaces of a LES
cell is known, it can be sorted in an ascending order.
Note that, before sorting the following sign-convention
is imposed for the face mass- uxes. In ux is given a
positive sign and the out ux is given a negative sign
along each co-ordinate directions. Thus, upon sorting,
the mass uxes would be arranged, from the maximum
out ux (least negative number) to maximum in ux
(highest positive number). Now, for each out ux, every LES cell computes the number of one-dimensional
cells that contains the mass. Since the density and
the volume is known for each one-dimensional cell, the
cell mass is computed simply as the product of the
cell density times the cell volume. It should be noted
that, the amount of mass to be transported across a
LES cell surface can be a fraction of the linear eddy cell
mass. To transport mass smaller than the cell mass,
the following algorithm is used.
 Let the temperature and mass fraction of the
linear-eddy cell D be TD and YkD
 Let the density, volume and the mass of the cell
D be D ; VD and mD
 Let the amount of mass to be transported across
an LES cell surface be Æm
 If Æm < mD , then split D into two cells, DL and
DR such that,
DL = DR = D
mDR = Æm
mDL = mD Æm
VDR = Æm=D
VDL = VD VDR
TDL = TDR = TD
YkDL = YkDR = YkD

3.6 Large-Scale and Small-Scale Coupling

To complete the LES-LEM formulation, the simulated sub-grid eld must be coupled to the LESresolved variables. The resolved eld provides the
pressure and the sub-grid kinetic energy to the subgrid LEM simulation. After the sub-grid simulation,
the sub-grid LEM eld provides the ltered species,
temperature and the speci c heats to the resolved eld.
Filtered quantities from the sub-grid simulation are
computed as follows.
 Let Yki be the sub-grid species mass fraction for
species 'k' in a cell 'i'
 Let Ti and i be the sub-grid temperature and
density in a cell 'i'
 Sub-grid averaged ( ltered)species mass fraction
is computed as

Table 1 Test Cases simulated here5

= 0.28 Mc = 0.62 Mc = 0.79
1.64
2.0
2.2
0.91
0.4
0.39
( )
430
480
508
( )
275
130
110
( )
172
150
140
( )
223
252
253
( )
302
495
600
( )
115
75
67
0.77
0.59
0.77
0.63
0.27
0.22
1.7
0.8
0.7
Resolution 2 7 B 5 14 B 5 16B
Parameter
M1
M2
U1 m=s
U2 m=s
T1 K
T2 K
PO1 Kpa
PO2 Kpa
2 =1
U2 =U1
B m

Mc

f = PNi=1LEM i Yki = PNi=1LEM i

Yki

 Sub-grid averaged ( ltered) temperature is com-

puted as
PNLEM
PNLEM
Tei = i=1
i Ti =
i
i=1
This sub-grid averaged ( ltered) temperature is redundant, since the solution of the LES-resolved energy
equation along with the ltered species (from LEM)
gives the actual temperature. The LES-resolved temperature actually includes the e ect of resolved viscous
work (this part is missing in the sub-grid LEM). In the
actual simulation, both temperatures are computed
and compared. In general, the comparison show that
both these temperatures are in very good agreement
with each other, suggesting that at least for the problem studied here viscous work e ect is relatively small.

4 Experimental Conditions

The experimental facility consisted of a wind tunnel with a plenum section, nozzle, a test section and a
di user. The rectangular test section where the measurements were taken, is 10 cm wide, 8 cm high and
48 cm long. The high (supersonic) and the low (subsonic) speed streams separated by the splitter plate
ows into the constant area test section from the top
and the bottom sides of the splitter plate respectively.
Upstream of the test section, a nozzle housing a centerbody with supersonic and subsonic contours were used
to provide nearly uniform exit conditions.
The principal diagnostics used in the experimental
study were Pitot pressure, static pressure, Schlieren,
Planar Mie scattering for ow visualization, Planar
Laser Induced Florescence (PLIF) for scalar measurements and Laser Doppler Velocimetry (LDV) for velocity measurements. The simulation parameters are
listed in Table 1
Based on the high speed nozzle exit momentum
Reynolds number, Re (> 7200), the boundary layer
at the tip of the splitter plate is expected to be turbulent.5 The convective Mach number, Mc is the
1
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measure of the compressibility of the mixing layer30
and is de ned as the Mach number with respect to
a frame of reference traveling with the average large
scale structures in the ow. Three cases are simulated
in the current study, ranging from low to high compressibility.

5 Grid & Boundary Conditions

The numerical simulation reported here uses a 181
 150  5 grid in the stream wise, transverse and span
wise directions. The computational domain is 50 cm
long and 8 cm high. The grid points were clustered
near the splitter plate in the stream wise and transverse direction. Based on the incoming boundary layer
pro les, this provided a resolution of y+ = 15 on either
side of the splitter plate. The bottom and top walls
of the test section was resolved using a y+ = 45. The
thickness of the splitter plate trailing edge (0.8 mm) is
resolved using 7 equally spaced grid points. Grid spacing in the span wise direction is uniform and set equal
to the axial spacing at the splitter plate edge. Since
only a few grid points are used in the span wise direction, the current simulations are unable to resolve any
long wavelength disturbance in the spanwise direction.
The current simulations also preclude inclusion of any
highly oblique waves in the shear layer. Future studies will address the issue of span wise waves in more
details.
All boundary conditions are speci ed to closely
match the experiments.5 For the supersonic stream,
all conditions are speci ed and for the subsonic stream,
characteristic in ow conditions31 are speci ed. An inow turbulence intensity of 2 % is used for the both the
streams. At the out ow plane, because of the presence
of a mixed supersonic-subsonic ow, a mixed boundary condition is applied. Based on the local Mach
(where the
number at the out ow, an extrapolation
ow is supersonic) or a Poinsot-Lele31 (where the ow
is subsonic) boundary condition was applied. No-slip,
adiabatic conditions is applied at the top and the bottom walls and slip boundary condition is applied in
the span wise direction to allow for the three dimensionality of the ow in that direction.
The number of LEM cells needed for the simulation is governed by the scalar eld resolution. A
measure of the scalar resolution is given by the Batchelor scale (a characteristic size of the smallest scalar
uctuation),5,32 de ned as B  25ÆwRew3=4Sc 1=2.
Here, Æw is the vorticity thickness, Rew is the
Reynolds' number based on the vorticity thickness,
and Sc is the Schmidt number. The LEM resolution
(LEM = LES =12) used here provides a grid spacing of LEM = 3:7m in the supersonic stream and
LEM = 11:5m in the subsonic stream.
Table 1 shows the average Bachelor scale, B for the
three convective
Mach number simulated as reported
by Island.7 In comparison, the LEM grid spacing em1

2

ployed in the present study resolves 2 5B on the
supersonic side and 7 16B on the subsonic side,
which is considered reasonable.
The current simulations are carried out on a distributed memory parallel processing computer (Intel
Xeon, 2.6 GHz) using the Message Passing Interface
(MPI). Typically, 24 processors are employed and the
memory requirement is 2.4 Gigabytes. For the present
simulations, using 135750 LES grid points and 12 LEM
cells per LES cell, 96 single processor hours are required per ow through time.

6 Results and Discussion

In the following discussion, LES-GRAD-DIFF is
used to denote the gradient di usion sub-grid closure
and LES-LEM is used to denote the subgrid LEM closure.
6.1 Velocity Pro les

The experiments on scalar mixing5 report only the
scalar measurements. Therefore, to compare the velocity eld, data from an earlier experimental study
exfrom the same group33 have been used here. The
perimental facility and most of the conditions33 are
very similar to the scalar studies5 experiments. Planar velocity measurements at Mc = 0:25 and 0:63 were
reported in the earlier experiments,33 and their results
compared directly with the current LES at Mc = 0:28
and 0:62 (for which scalar measurements have been
reported).
As noted earlier, the mixing layer growth rate is signi cantly a ected by compressibility e ect. Figure 1
shows the axial variation of the mixing layer thickness for the three cases simulated. It should be noted
that to compute the growth rate, mixing layer thickness data are obtained only from the regions where the
mean3 axial velocity has attained self-similarity. Elliot
suggested that self-similarity is achieved anywhere from 350 to 1000 momentum thicknesses from
the trailing edge of the splitter plate. Following this
de nition and based on the inlet momentum thickness
of  = 0:14mm5 the slope of the mixing layer thickness
between x = 350  = 0:05m and x = 1000  = 0:14m is
computed to be dÆ=dx = 0.043 for Mc = 0.28 and 0.051
for Mc = 0.62. These are in reasonable agreement with
the experimental prediction of the growth rate of 0.036
and 0.061.5 The compressible growth rate normalized
by the incompressible growth rate seems to decrease
with increasing convective Mach number consistent
with the past observation. For example, for a given velocity ratio (r = U2=U1) and density ratio (s = 2=1),
the growth rate for the incompressiblep mixing layer
is given by,1 dÆ=dx = CÆ (1 r)(1 + s)=(1 + rps),
where CÆ is a constant equal to 0.14.5 Based on
this estimate, the growth rate of the incompressible
mixing layer for the same velocity and density ratio
as the compressible mixing layers simulated here, are
et al
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dÆ=dx = 0.062 and 0.14878 for Mc = 0.28 and 0.62,
respectively. Therefore the ratio of compressible to incompressible growth rate for the two MC 's are 0.6935
and 0.3427, which is in good agreement with the past
studies as shown in g. 2.
Figures 3(a) and (b) show respectively, the normalized axial mean velocity pro les as a function of the
similarity co-ordinate  = (y Yc)=Æ for Mc = 0:25
and Mc = 0:62, respectively. Axial velocity is normalized as u U2=(U1 U2), where U1 and U2 are
the velocity of the supersonic and subsonic streams,
respectively. Also, Yc is the transverse location where
u U2 =(U1 U2 ) is 0.5 and Æ is the thickness of the
mixing layer de ned as the distance between the transverse locations where u U2=(U1 U2) is 0.95 and
0.05. With this normalization the axial velocity proles at various downstream locations collapse together,
thereby exhibiting self-similarity. It can also be observed in Fig. 3 that the numerical prediction by both
LES-LEM and LES-GRAD-DIFF compares very well
with the experiments.
Figures 4(a) and (b) show respectively, the corresponding axial root-mean-square (RMS) velocity proles. Experimental data shows that the peak axial
RMS velocity decreases with increasing Mc. The lower
Mc case under predicts the peak by about 25 %. At
present, this is reason behind this discrepancy is unresolved and may be related to the di erences in Mc
(0.28 v.s 0.25) or the grid resolution. There is substantial deviation from the measurements at the outer
edges of the mixing layer for all the current results.
This may be an indication that that the intermittency
at the shear layer edge is not properly resolved in the
current simulations.
Finally, Figs. 5(a) and (b) show respectively, the
corresponding normalized Reynolds stresses for the
two cases. The current LES results are in reasonable
agreement with the experiments. The predicted peak
Reynolds stress decreases with increase in Mc, a trend
consistent with experiments.3,4,33 However, the peak
is under-predicted at the high Mc by both the LES
closures.
In general, the predicted velocity eld is in reasonable agreement with data for both the sub-grid closures (LES-GRAD-DIFF and LES-LEM) studied here.
This suggests that, at least for these test cases, LES
with gradient di usion is reasonably accurate for predicting the variation of the momentum mixing layer.
This may be a result of the fact that in LES, all the
scales of motion (even counter-gradient ones) are resolved on the LES grid. These results also suggest that
the scalar closure for the current conditions has very
little e ect on the momentum transport and mixing.
Note that the momentum closure is the same for both
the test cases.

6.2 Scalar Pro les

The scalar mixing analysis suggests a more fundamental test of the two closures test here since they
are substantially di erent in approach and implementation. The LES-GRAD-DIFF closure is imposed on
a scalar eld that is resolved only at the LES grid
level whereas, the LES-LEM model simulated both
the sub-grid (i.e., below the LES grid level) and the
LES-resolved processes. As a results, subtle features
resulting from sub-grid processes (if relevant) should
show up in the latter approach.
Figures 6 (a) and (b) show respectively, the proles of mean and the RMS uctuations of the species
mass fraction in the supersonic
stream for the two Mc
cases. In the experiments,5 mean and the RMS of the
mixture fraction were calculated from the probability
density functions (PDF) of the mixture fraction. In
the current study, instantaneous data collected over a
long period is ensemble-averaged to obtain the mean
and the RMS mass fractions. As shown, LES-LEM
prediction is in excellent agreement with the experiments for cases where data is available (Mc = 0.25,
0.62). On the other hand, the gradient di usion model
(LES-GRAD-DIFF) prediction deviates substantially
from the measured data, especially in the high speed
upper stream for the mean mixture fraction and the
peak rms uctuation is also over predicted.
Finally, Figs. 7 (a) and (b) show respectively, the
PDF of the species mass fraction in the supersonic
stream at the transverse location corresponding to the
similarity coordinate  = 0. The overall agreement
of the LES-LEM with the experimental data is again
encouraging. Accurate prediction of the PDF of the
mixture fraction implies that all the higher moments
(e.g., mean and the RMS) can now be computed accurately. In contrast, LES with gradient di usion closure
predicts a much broader PDF with a lower peak indicating a di usive nature of the solution.

7 Conclusion

LES of mixed supersonic-subsonic compressible mixing layers have been carried out using a conventional
sub-grid eddy di usion closure and a sub-grid simulation model based on LEM. Results for two convective
Mach numbers are compared to available data in terms
of both velocity and scalar pro les. It is shown that,
at least for the cases simulated here, both scalar closures predict similar momentum mixing pro les, thus
suggesting that even simple eddy di usion closures
can provide reasonable results for the velocity eld.
Analysis of the scalar mixture fraction mean and rms
pro les, however, shows that the LES-LEM closure is
able to better predict the scalar pro les, thereby suggesting that scalar processes at the sub-grid level play
an important role in the overall evolution of the mixing
layer.
Additional studies are still warranted to address
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some of the unresolved issues. E ect of heat release
is ignored in this study but the LES-LEM has shown
in reacting ows in earlier studies in subsonic
promise
ows13,23 and its ability in supersonic combustion was
recently investigated34 but still needs to be fully investigated. Nevertheless, the current study along with the
earlier studies using LES-LEM suggest that this closure has some unique features that are not constrained
by ow or geometrical conditions. As a result, it has
the potential for wide applications in both subsonic
and supersonic mixing and combustion.
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